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ERSE ‘RESISTANCE OF BEAMS. — 


a1. Iti is that materials like cast iron, with an n ultimate 


tensile resistance much less than their ultimate resistance to hic 

shew, under transverse ‘strain, ‘reduced to longitudinal ‘strain: by the 


usual formula, much greater tensile strength the n when the 
ee ~ 2. The subject has excited considerable interest for } years. It was a 
a discussed by this this s Society in connection with the paper of Mr. L. Nicker- 
som, giving “A record of experiments showing | the character and position 
Neutral A: ves as seen by polarized light,” followed by that of Gen. J. D. he! A ne o 
Barnard on Resistance of B Beams | to F Plexure,’ and art articles i in relation 


thereto containing various theories sand explanations, ave ve frequently 


in the technical journals. Cast iron is not now much used in 
construction, but it it is kt known that there are also” great discrepancies in 
- the application of the ne theory of transverse strain to to other materials, 


particularly: particularly wrought iron and steel, so that a re- ; 


tion of the is conside considered Of ‘Practical value and interest 


% 
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Mr. BB. Stoney, in bis excellent work on “The ‘Theory of 


2 130, refers: to the subject as as follows 
_ “Mr. Hodgkinson endeavors to explain | this discrepancy by a change — 


in ‘the position of the neutral axis as soon as the limit of elastic reaction _ # j 
ae of the horizontal fibres has been passed, and gives some reasons for this _ = 
a hypothesis i in his ‘‘ Experimental Researches on the Strength of Cast Iron,” - = 
p. 384. This seems a plausible hypothesis, for if the neutral axis of . 

solid rectangular cast iron "girder approach its "compressed edge a as the 

ow eight increases, and after the limit of tensile elasticity has been passed - a 4 
by the fibres along the extended edge, we shall have a larger pee 
a = one-half the girder subject to tension, and consequently the total — 
= tensile strain may exceed that derived from our teens, Sab 


assumes that the neutral axis always | passes through the center “3 
d of the cross section (68). Mr. Hodgkinson concludes from 
*& experiments that the neutral axis of a retangular girder divides the depth 
i the proportion: of or} t at the time of fr fracture—that i is, that the com- a 
pressed section is to the extended section in the inverse proportion of 


the compressive to the tensile strength of the material ae pare a 


After stating that this view is corroborated by experiments of 


a Duhamel and the elder Barlow, br but controverted by } ‘Mr. W. H. Barlow, Ag 


and nd apparently disprove ed by his micrometric experiments, as well as the 
experiments of Sir D. ‘Brew ster, with | polarized light, Stoney 


eoneludes : = 
“The whole question, it be confessed, is one of 
and may require numerous experiments before it can be satisfactorily _ os 
= a a solved. One practical inference is, how ever, of great importance, namely, 4 
- that the tear ing andr ushing | strengths of materials derived from: experiments — 


a. on the transverse strength of solid girders are often erroneous, and Bare 


f 


led astray men of such capacity as Tredgold.” on 


2 25. The experiments of Mr. W. H. Barlow, referred to, were <a 


i i ith beams: 7+ feet et long, | 6 inches de deep, and and 2 inches thick, on the po 


of w hich w ere cast smal! vertical ribs, spaced. one foot eget, and provided — ae 


‘The p published for space between, the central ribs, 

Shap though not agreeing precisely ¢ among themselv es, show ‘clearly: that in a 


a that case the neutral axis did not shift materially 1 for loads about ¢0f 
those required to break the beam.* 


463. 


papers of Mr. W. Phil. Trans., 1855, p. 225 ; Ditto, 1857, p 
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a theory based on these experiments, 


that the horizontal lamina a beam are attached together by 
: the force « of cohesion, there ar ises a resistance to bending ther mass W hich : 


isin addition to that developed in elongating the fibres.* This theor 7 
has probably received the most attention the many proposed, ‘but it 


is ev ident that, at the s section of a beam w here { the moment i is a maximum, 


Miley: 


_ the shearing or bending strains are zero, | and the fibres subjected o only “4 7 
horizontal strain; yet the section for which maximum 

ance is s determined, and where the « discrepancy is the ¢ greatest, thea actual 


‘resistance being often as much as 2 to 2} times tans Gotermined by 


Mr. ‘Hodgkinson announced his in his work on “The 


Pus and Properties of Cast Iron,” published i in (1846, and three ‘years: 
: after, made by h him on the direct tensile and 


resistances of cast iron, w ith « a view of determining the "position n of the 


_neutral axis under transverse strain, were published in the ‘‘ 'Repor tof the 
_ Commissioners appointed to inquire toh the application of Iron to Railway 
which commission he was a member. At 
As will pi shown hereafter, the results of these ‘experiments are not in 
contfliet published by Mr. W. H. Barlow in ‘if compared 
_ within the same limits, but show that the neutral axis must shift during eee i 


the > higher strains, just before rupture, though ordinarily to so depessinaad an 
extent as to ac aceount for a small portion only of the discrepancy. Caan 7 
7. verbal expressions are heard that of course the neutral 


shift to since the ultimate compressive 


discussions of previously mentioned 


Gen. Barnard in his paper, , and Prof. ‘Wood therewith ith, 
58 
indicate this general view. "Evidently a higher strain in compression 
i than in tension ‘aca be obtained only when the upper ont lower sections 


are e inversely p proportions ral to the ultimate resistances, t the 


connected by: the of cohesion to the tensile cannot m 


a * This resistance has been compared to that which would be necessary to prevent a . 
- number of boards from slipping upon each other when laid together upon end supports 
and loaded. (See Mr. Nickerson’s paper above referred to], This is not considered a good 
_ illustration of Mr. Barlow’s theory. Evidently the thinner the boards the less of such resist-_ 
ance be so for consecutive lamina there would be no such resistance, 
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- through od greater angle, and, therefore, the compressed side of ® 
symmetrical s section cannot utilize its s surplas strength until the 


on ac 


Brie section to move through « a sufficient angle t to utilize the sites 


‘resistance of the material. It is evident, therefore, a beam wih 
or other symmetrical section must always fail in tension, 


28. It is the ] purpose of the writer to the veins of exper 
ments showing th the r relation of t the longitudinal st strains 3 to the correspond. ae 


ing elongations ad compressions, between the tensile and compressive “2 
— limits of rupture ; then to show ‘mathematically the relation ‘between — 

the transverse direct tensile and compressive resistances of the 
material, and ‘finally to develop and plot the isodynamic 


from their relative position show the probability that there is 


equalization of strain between the outer fibres and those nearer the 
neutral that the latter, at the section of maximum moment, ; 
more resistance than is due to accepted theory, and the former are cor- ‘ 


respon din 1 relieved ; whi h pl enomenon, n connecti on with a slight 
pondingly r nie n phen ( yin 1 1 aa 


ead 


of the neutral axis, will for the increased 
#9. In this connection it has been thought desirable to collect 


together in Appendix A A a number of formula relating » oenin and 


transverse resistance, applicable to “both solid and skeleton girders, 
extend the same in forms conv ubeak for reference during the present — 3 


een, as is considered uniform, within what are known 


elastic limits This i is not exactly the case, but i is so in most 


instances, for the same. piece of the same. material. . It is well known 


that ‘different of similar material may have very different coef- 


Evidently’ the Principles affecting the flexure and 


of materials: under t transverse st strain depend upon the same me principles; o 


general equation on should every 


— 
This explains the value of the Hodgkinson beam section, as with it 
4 ‘This explains the value of the Hodgk b t he 
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“4 
attempt to make the scales uniform, the | being simply to plot all 


strain within or beyond the elastic limit. 
of a of the 1 material by a’ "and the corresponding strain 


oe force resul ting from such elongation by y y’, a 4 general equation 

di 

or the rate 


dx’ 


of for different shall be correct between the 


tensile or positive and the compressive or negative limits of rupture. bee 


2 11. All physical properties: of materials are so dependent f 
upon their chemical and ¢ thet their relations must 


“necessarily be determined by ‘experiment. By n noting and tabulating 
the elongations | and corresponding strains, curves may b be constructed a 


‘like those show n in the plate, -™ which the elongations and compres 


sions are 2 respectively, laid off as abscissa to the right : and left of a 


ertical axis, and the corresponding strains or unit forces developed as 


or dinates mee: and below a horizontal axis, , the origin being designated 7 


oO, in either case. Necessarily for clear ness, the scale for the elongations i is A= 4 


4 
much more exaggerated t that for the strains. . There has been 


the: results | in the most convenient 1 manner on the ome cross section ~~ 


aper 
va $12. Cur ve | 1 is s plotted rah the results of | experiments made by Mr. 


q ‘Hodgkinson in n the ye years 1847-9 on the direct extension and compression 
; of cast iron bars bars of f the grade known as Low Moor No. 2 | The bi bars af 


a tended were 50 were 50 feet long in connected asetigne of 10 ale those ¢ com- 


_ pressed were 10 feet long, and secured in a frame to prevent buckling, 


being” jarred « occasionally, when under strain, to 0 give them freedom to 
shorten. Curve 2 2 was s similarly | plotted from the a av erage simi- 


trials of a number of different kinds « of iron, that ‘above 1 mentioned 


z : included. — All the bars were one inch s square. * Curve 3 was plotted 


| tests made by Capt. Rodman, ‘wv. 8. Ordnance, of specimen 
of gun iron marked DO, ‘of 82 per cent, Greenwood and 18 per cent. 


Salisbury cast iron, , remelted, n made preliminary to to casting al 15- -inch 


"dae 


“The specimen extended w as 30 inches long—that compressed 10 


< inches: long, both being 1.382 inches i in 1 diameter. rt ¢ Curve 4 shows the eh 


* See page 59, Appendix Railway Commissioners’ Report, previously mentioned. — 


Rodman’s Report of Experiments on of Metal Cannon and the qu 
of Cannon Powder, 1861. 
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6 show the results of experiments 1 made i in the § Btev ens Institute labora- 


az on the properties of Nos. 2 and 4 4 Salisbury i iron. * Curve 7 7 shows ‘ 


_ the results of a test made of the extension of a bar of. “cast | iron by Mr. : 


Wm. Kent, M. E. + Curves: 8 are examples made autographically by 


torsion testing machine of Prof. ‘Thurston, o of the Stevens Institute. t 


- the ] pents made b Mr. David 
Curve 9 shows s the ‘Tesu ol ‘of experiments n made y r. Davi 


Cc 


F Kirkaldy | on the direct elongation and compression of Swedish Bessemer > res 
stee].Z ‘The specimens ‘were 100, inches" long, a about inches wide, 


from to j inch in ‘thickness. The “compressed. pieces “were 


straight by Kirkal dy’s trough apparatus cand its adjustments. 


those 1 ‘used in other tests were exhibited at the 

Centennial Exhibition, and excited great int interest. 
13. Carves 1, 2 and 3 show at a glance ‘that iron obtains 


gutter ate strength in 


instead of by an increase in we uy of strain. aaa 
214 Calling 
Ve 


co-efficient of of 7 resistance, this will be proportioned to the modulus 


-efficient of elasticity within the elastic limits, 


and if constant within 4 


limits as assumed would be represented on the diagrams 


‘with similar material do not. Generally i in fact the co- -efficient of le’ 


ance (and elasticity) is limited compression than for limited 

 elongations, which is shown clearly ‘by curves 1 and 2, and Capt. Rod- 

_ man’s experiments indicate that ‘the | same thing occurs with iron of 


higher grade, the compression wn 

both are above the horizontal axis, as was 


Plotted from separate tension and compression curves published in = 
Oi " +t Kent on Strength of Materials, Van Nostrand’s Magazine, Jan. 1878. 
Trans. Am. Soc. Civil Engrs., LXXVI and LXXXII, Vols. If and 
_ § Kirkaldy’s Experimental Inquiry into the Mechanical Properties of F ra steel, 1873. 
a In this connection the ar rai desires to ecknow ledge his indebtedness to Acting Prof. 


q 

— 
q horizontal axis. It will be seen that this is not so in all cases. Curve 3° 
“Then Of this is Shown Dy curve 4, respect to Which Capt. cals = 
attention to the fact that with such material under transverse strain the _ 


neutral axis must first appr roach the extended, and com- 


number of e been made to ascertain 


rain on the outer fibres of a ‘beam, on n the basis that the 


“mental curve, instead of directly as s the elongations, as in the oninary 


function of wn, which is substituted in the: differential ‘equation i in n place 
and, after integration, the special values: are 


divided out and results ‘expressed terms of the hight of the 
section, as as is usual. The compression branches are so nearly | straight 
_ lines within the limits due to transverse strain, that they have been ~~ 


considered ; but made for the angle at which such 


“meet the e extension curves. Portions of the 
straight line lines when the plotted curves warrant. The equations used and 
calculations i in detail: are > given ‘in in Appendix B to It is there 
shown, 252, that, by the ordinary formule, with ‘neutral axis in the 
center, th the strain on the outer fibre = 6 M~ dD’, M the 
ent ; b the breadth ona D the total depth of the section. 


216. The tensile branch of Curve 1, _ showi ing ng the results of Mr. Hodg- 


_kinson’s: _ experiments with Low Moor cast iron No. 2, was found, as ee 
plotted, to be closely by the equation y = 1.1372 —. 018.2? 


branch, the value g= = .967 thee 


and used in the calculations. — E Evidently i in a case of this kind the neutral 
must first shift tow ard the extended, and after w ard toward the com- : 


; on edge, ‘and the final result due to considering the ordinates « of the fa 
curve may not vary greatly from that giv iven by the ordinary 
™ * The value of the curves in showing the physical properties of materials as illustrated by | 
those from the simple torsion apparatus of Prof. Thurston so impressed the writer that in 
presenting plans for a testing machine of 400 tons capacity to the Government Board in the 
year 1875, he embcdied, as part of the design an autographic apparatus to show the relations a 
_ of the strains to the direct changes of length of the specimen. The distinguishing features oy 
were adopted by the Board for combination with the machine of Albert H. Emery, who ob- vg 
tained the contract, but have only been carried out sufficiently to show the correctness of the — 
main principle. It is hoped that the whole apparatus may yet be constructed with the strength 
es parts, and in the original nt form proposed by the writer as devi ices for this purpose _— 
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the relations from the curves as plotted, by finding an equation closely =” o. 

gadanted to the pnarticnlar enurve shown. therebv obtaining a valne for a a 
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theory. In this case the of Y, was found equal to 5.202 M~ D?, 
the co-efficient being nea nearly 6 as by the ordinary theory. The final shift. 


of tthe neutral a was the distance from same to fibre 


the fact that the curves near the origin the same 


for compression as for extension. _ The long bars experimented with 

12) n may have buckled "sufficiently to make part” of the recorded 

compressions apparent rather ~— eal before full bearing in 


xpressed bys aw well known 


see 


on the ante thee, representing the modulus of rupture of the material, 


ube 
would be six times the above, or 33480 lbs., and the consideration of 
. the a actual experimental curve in this case, reduces this to 5.202 Sor 
027 Ibs. ,W hereas the actual x ultimate tensile resistance by exper iment 


pesercasee to be e only 15458 Ibs., or less than one-half as much as shown j 


ne? by the ordinary theory, and more nearly half as much when the actual ual 
se sequence of strains n by the experimental curve is considered. 
i 18. By inspection of curve 2 showing the average ge results obtained ™ 
+ _byN Mr. Hodgkinson from different kinds of iron, it will be seen that it yy is 


cannot change the > general conclusions mater ially, and as this } 


. the av verage of 16 experiments in compression and more in tension with 


oe _ different kinds of cast iron of ‘apparently average quality, it becomes aa 
that for such material at least, other causes must be. songht than 


the : shifting of the neutral a axis. 


“The value of S for transverse strain in formula in n previous sec- 
tion was Sat 50, so in this case the ordinary formula would give for the 


s ultimate ‘strength of the material (6 x 5450 =) 32 700 ) Ibs., .» and w hen the 
expe: imental curve ‘is considered, the modified formula gives for 
ultimate strength 6. 292 x 5450 = =) 17 941 Ibs. - Th The actual ‘ultimate 


strength i is stated t to be 25 627 Ibs. » or lk less than given by th the ordinary, 


and more than s shown a the modified formula. ith this « case se the sani: 


lz 
il 

is one of the principal experiments made by Hodgkinson to prove @ 
4 a his theory that the neutral axis shifts sufficiently to account for this —_ a 
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nts made by Capt. 
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tenths of the several influences that ma may 

_ modified the results, In In the first place it is practically i impossible to obtain Ke oo 

the ultimate elongation by experiment, and we have obtained it from ~ i 


e 


“approximate equation ‘stated i in 54 Appendix, which gives the 


_ shown by the dotted line. line. Inspection will show, however, that probably 
no great error could occur in this \ way, ‘the ultimate tensile 1 resistance at 
on curve being fixed by e experiment. Again, in ‘making the experi- 
ments the strains were released after each additional thousand pounds, 
in order { to ascertain the sets; ; and it is stated by Capt. Rodman himeelf, 


other e experimenters, that the resistance of i iron is increased by ing 


re somewhat higher than would wine been obtained had the time in - 
4 which rupture was obtained been reduced to that probably occupied by a 


the simpler transverse tests w ith which we have m: nade e comparisons ms - 


en ‘material of eye the introduction of the experimental 


_ #20. How ever, duly allowing for both these considerations, it is ev ident 


ral axis in the | fe ormula, 


will not account t for the ihahelntes +s results be ing that, w ith. ordinary 


“east iron with little amended formula still gives the 


ultimate | tensile ‘stress higher than it should be, as shown from Hodg- 
Kinsons’ “expe iments w hile, f for gun very considerable 
i 
elongation, ‘such formula gives the ultimate stress lower than it should be. a 
221. Cur irve 9, , referring to Mr. _ Kirkaldy’ s tests of S Swedish Bessem 7 “ni! 
steel, shows that the properties of the material are very different from 


“those of ‘cast iron. The curve within. the elastic limit forms nearlya 
- ight line line, in in accordance with | the ordinarily received opinion that the a, 


a nearly uniform, though slightly i increasing, resistance is main- 


pression and tension, ‘through comparatively great 


= dongations are proportioned to ‘the strains, and after the elastic limit is 


range. “It is interesting, too, to see how nearly alike the mechanical 
properties of the material are in tension in ‘compression. ' The two elastic a 
q limits are nearly the same, though other experiments show this | i 


“affected somew hat-by. by the For a material so closely fulfilling 


* See Capt. Rodman’ 8 work, the Railway 8 Report, and Prof. 8 
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‘supposed 


the accepted the theories of transverse resistance would give 


122. 1 T he ‘accompanying 5 table i is an n abstract from \ the. experiments of 


Kirkaldy, previously ‘mentioned—the abstract being more re complete 


strain per sq. in. Uitimate 
(Shearing 


61 412 
Thrusting strain in. Elastic... ax 33 


of ‘Skewed “ 


(Specimens 4 diameters in length.) ue ma 


Pullin stress per inch. Elastic... 62033 
fhe. U 85 200 
Effects of latter.............. Fractured 
Transverse stress. Value of S= LW 


10 | Effects when experiment was stopped. ‘Frectared. Fractured Uncracked Uncrack 


‘These experiments were mete with specimens of bars. similarly ham- 


_—mered: to two inches “square, They were of different degrees of hard me 
a? at at the left being the hardest. Shorter specimens gave r% 


higher resistances to compression, and longer ones lower resistances 


a 23. For this investigation, we we have but to. compare slines7and9, 
which should agree, at least approximately, whereas it is seen that even — 


wi ith this ouperiens material, the u ultimate tensile resistance, calculated by os 


‘the ) usual formula from the transverse resistance, gives results 70 and 80 


— 

Tesults agreeing, approximately at least, with those obtaimed Ir 4 

enormous discrepancies are shown of the same nature 
— 

1098000 
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harder es of steel thet were broken, and this discrepancy had reached 


hod and 80 per cent. respectively, 1 for the two specimens 
‘and would have been much greater, evidently, if such 


periments could have been continued to rupture. It is stated that 


the ‘the 1 last were so > soft a as to readily in 


~ 
= 


pression are so nearly : alike, —sometimes the cant; at others tl 


pressive: limit, being a little the higher, that the cannot be 
in, general. attributed to the shifting 0 of the ‘neutral a3 axis, although Mr 


ty 


Kirkaldy, by noting the change | of shape | of circles les on th the bars, con- 


eluded that the axis by nh means remained in the center of the bar. 


nary theory does ‘not apply y either to cast iron | 


4 24. During the this investigation it to th 


__ writer that an explanation might be suggested | by ascertaining the isody- 
namic curves(or curves of equal strain) in accor dance with theory , and 


_tudinally in a strained beam. Since a an of the 


4 form y - = ax" can be passed through an any - three p points s of any yeurve, for 


pin them in the same relative positions that they would occur longi- 


_ simplicity this form has been adopted in determining the equatic 


feodynamie curve in Appendix B, 457, and it has been found t 
about as well to the tensile branch of curve 1 as the more anemia equa- 


tion previously u used. ‘This equat ation sedmoes evidently to the the ordinary 


form when n =1. 
42 25. Itis in B, 61, thet the o ordinates the isody- 
q namic curve in terms of the > depth of of the section on one side | of the neu- 


tral axis ore, | for a funetion in the form above stated, inv eeely propor- 


to represent the side of a half beam loaded with a a weight | Wi in the ‘centre, 
g and supported at the ends ; ; and upon the ; same are plotted a series sof 


; t tional to ) the nth root of the 1 moment. = Figure 2 (on the plate) i is intended 


_isodynamic curves ‘determined | from equation (60) Appendix B, on the 
basis that the exponent n=.79, which was found applicable for the ex- 
with Low Moor iron, as explained in a Appendix. Tt It i is 


the particles the strains of genie 


intensity near the dove and bhidtot, + and at the center of the beam, are in 
part transferred to the lamina of lees strain in the direction of the curve 


hearer the axis, sO that the fibres crossing 


g the central section of maximur 
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moment are under greater s strain than their proportional distance from 


tiona 


the axis, and d the outer fibres thereby correspondingly relieved. 


at 26. The action may be be illustrated as follows: If strain be applied to Be 


the center of of opposite — sides of of a piece of rubber the entire central 


section of the rubber between the points of application of 


force will be strained ; the strain being reatest_ in line cining’ 


the forces, and reduced on eithe side. = now, forces of less intensity 

be applied either side of the first Paha the effect will be to increase 


all the strains somewhat, but a portion of the strain from the original 
force will still be ¢ carried by parts of the section not directly in 


line therew ith, and the 1 fibres directly i inl line be thereby correspondingly 


"relieved. The “question at once arises, how room can be found 


increased d elongations and and compressions ecessary to produce increased 


necessary 10 


strains, between the neutral axis and outer edge of a beam? This ag 
is ev vidently provided by the shape of the isodynamic curves which a 


run from the intermediate spaces either side of the axis to intermediate — 
| distances j in| the 1 length of the b beam, so an action of the kind mentioned Le 

‘should simply cause the beam to bend more either side of the centre . 


than theory demands, which h furnishes the basis, with sufficient delicate 


apparatus, ote experimentally testing the correctness of the hypothesis. 


7. In of this attention is ‘called the fact that 


the shorter central isodynamic curves s closely resemble the wedge shaped 


piece when the material parts in compression, showing a con-— 


centration of force along the general direction of the curves. Again, 


curiously it appears from Mr. -Nickerson’s expe eriments with ith polarized 


carious Priments 
light, previously mentional that the lines of strain in glass resemble the 


4 _isody: namic curves presented very closely, and it having been shown that 
stee teel, even when soft, presents the s same “discrepancies of of theory with 


_ experiment, for transverse aesinn. as cast iron, it appears probable that it 


is a general phenomenon for most or all materials, which has not been a 


ointec out from the want of refully conducted 
hose t to which | reference is s made. Las y, for the surplus strength — 


by the very soft spes simens of which bent 


yefore breaking this theory. in connection with the results of lon- 


gitadinal tests will account very y satisfactorily ; for by inspection of 


curve 9 it becomes evident that after the limit of the outer fibres 


and n many of the intermediate fibres is passed, such fibres a are ‘still, offer- = 


inga a manly constant resistance due to the ho to the horizontal part of the curve, z <a 
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« of ' 

equalization o of strain ‘between the on outer rand fibres i is s to give 


the Teal isodynamic curves greater inclination from the horizontal than — 


“appears s that the increased strains due to the diagonal direction of the oe 


_ curves may become so important that the fibres will part at one side c 


for forty years or more since attention was vas first called to ‘it, and although 


another theory i is s the final result, ev vidently a 


a plausible hypothesis must : 
always precede and point out the direction of experiments ; and in any E 
» event the amount of information necessarily collected to investigate the ] 


matter will, it is hoped, interest others in the subject. Moreoy ver, the 
investigation leads, it will bes shown, to > formula scourate i in form afid — 
including probably all | the principles inv olved, but which, if if proved to 


be empirical by the further “experiments suggested, , will yet serve all 


429 29 _ As “6 has been thought better to : separate t the mathematical part 


practical requirements. — 


_ of this paper in an ‘appendix, a brief recapitulation n may be of interest. a 


= For a beam subject to transverse strain the moments of resistance « of 7 


fibres at t different distances from th the neutral axi axis are sare generally calculated 


4 wtenins are proportioned | to the elongations ; and, 2d, , that the clongations 
are “proportioned to the distances of the fibres from { the neutral axis. 
4q ‘Thus if the distances last mentioned be represented by the » variable x, 


this quantity finally becomes involved three times in the resulting expres- fee 
sion, viz., to represent the depth of the section (being advanced 
q during integration from its differential, representing the depth of a fibre); 


once: to the or the corresponding strains unit 


‘fibre from the aeniiel! axis ; : - such moment a assisting | in balancing the 


external ‘moment. It being known the’ the first of the principal ‘sup-— 

3 4 positions is not in in general true,—that is, is, that the strains are not not propo 

. tioned to the e elongations, at least for all values to the | point of ‘rupture,— me 

3 = ‘it has been suggested t that if "the true relations between the same were 
included i in n the discussion, the well n 


4 
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im 
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it proper to pass lightly over this problem which has remained unsolved 
in 

a 
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stitutin ing for one of the factors, x, a function of «, showi ing the relations — 


“yl experiments (see 215 and 247), but it is found | that by this means the q q 
discrepancies only partially accounted for (216, 53-55). 4 
3 The writer claims in this paper er that the second mapas upon B 3 


which the formula of Navier is s founded, viz., that the elongations of the | He 


‘sidered, the of the isodynamic curves ‘indicate the = 


bility and probability that the it intermediate fibres | betw een the axis and 
“outer boundaries the beam m ‘may, >and do receive more than that 


ig greater than this, it is due to the shifting of the neutral a: axis, 

hich is is & for in the first branch oh of the i inquiry. we 
480, Equations ( (51) and ) Appendix show that, both, @ 


ordinary method and when the shifting of the: neutral axis is ; considered, - 


, Kas in 59-55, a 16 419, reducing to 


co-efficient. The} pention of the term a will be x re- 
eognized as equal to Sin the w vell known formula for transv: erse e strain, 


Se When the function of « # representing the re relation of the s strains to the 


a elongations i is in the form (53) y= @ (x)= =an", , and the neutral axis. is 
in the centre, by combining (56), and (62) we may 


2 (n + 2); = 2 (n + 2) S,so when 


value of « patie be obtained, which i in an of the of 3 


— 
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— 
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lm = 
con for somowhet less than 50 per cont. of 4 
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_ With materials for which the ultimate resistance is greater for com- 


In practice Ea. (68) may be treated as an formula 


252, K equals 6, but w hen : 


‘the “other conditions herein. ‘mentioned are considered, is reduced to 


2.8 to 3.0 for « ordinary | cast i iron ; to y about 4. 7 for gun iron, and to a 


3. 3 to 3.6 for moderately low steel from the hammer—not annealed 


tempered. It is probable that the value for wrought i iron is about 
same as the latter. These values of KE may be- made more definite if 
members will ill be kind to results of made 


materials of stated kinds and 


aa 332 32. Evidently f for solid beams the equalization of strain referred to 


anust_ commence as soon as flexure begins, which explains the fact that x ; 
4 the ordinary formule are incorrect, even within the limits of elasticity. 


Ww hen experiments can be Gizested in the direction desired, the 


tion with facts available, but will not now be attempted as 


in Appendix A, based on the ordinary theory "(see 29), ¢ can be modified 
‘to answer all 1 purposes in relation to © ske leton girders which are ‘more> 


q 

| 
direc- 
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APPENDIX A. 
oF FORMULA RELATING TO THE FLEXU RE AND 


per unit of section = = = T+ a. If P= = the cxiginal length 


of the bar, e = elongation under strain, and E the modulus of elasticity, — 
or the force required per unit of section to make the elongation equal to 
the original length of the bar—on the basis that the strains per unit of - 
" section are proportioned to the elongations, which has been f found prac- 


tically true for some peeeae within the elastic limit by expe experiment we 
TE. 


In figure 1 let let XX the axis of a girder. Die 
tinguish symbols re- 


ferring respectively to 


quantities above and 

below the neutral axis” 
the indices sub., = 

sub. ,, and general quan- 

__ tities to either 


‘Let and equal the distances from the neutral axis to the 


_ the moduli of elasticity, and e) and e, the elongations of the chords; 
N th 1e horizontal strain on chords, and H the ) effective height of girder, — 
an. or the distance to the center of the chords ems connected by joints ; 


a section (at the right, per sketch) will move through a small angle, which 
wed represent by @; the elongation of the chords will be R’, and 


= 


—ccnters of the chords; a’, and a’, the areas of the chords; EF, and E, j : 
4 


one chotd is lengthened and shortened a vertical 


or portions of the of a skeleton girder subjected to 
- longitudinal strains in resisting an an external moment (for instance L w=) 4 : 


( 
— 
q 


this as of e ein we 


When the bent | 

7 7. above becomes dz, the distance between consecutive sections, — 

and as g and are proportional, such case we 

erry “As is small it be put “equal to its 

E—. ~ Wem may | then use interc hangeably, in 


all values of the ‘external moment M, a factor: i 7. 


according to the conditions of the problem or the to the 
4 


equal, R’ o= 


If of a chord we may have first, from (2), for 
chord, and second, from (2) 6 when the values of ant 


pe 


Maa’ EH? - 
stituted i in (15e) » with value of G from — 


02), ), gives (15), which, as W vill be seen seen hereafter, is equivalent to (23). 


. 
due to this foree=co 
= 
— 
5 
— 
a 
§ 
‘ 
a — 
— (L5e) du = pds (15d) du = de = 
= 
a 
portions of the section above and below the neutral axis perform the 
same offices as the chords in the previous discussion. Conceive the 
- 


up of an of longitudinal fibres, and le 

represent t the breadth and de the thickness of a fibre, at a ‘distance ) 

from the neutral axis. Under the influence of the moment, consecutive 
vertical sections, before flexure of the beam, will, 


ss Same; and as flexure takes place at every section, the length considered = 
stage dz, the distance between consecutive sections. The elongation of a 
fibre at a distance v from the neutral axis equals then vodp. Theforce 
i due to this elongation m may be found from (3 )s ean is an increment of the 


“the o outer fibres from the neutral s axis, and using coefilcient @ from (12), 


N= Gof bor =Gf b, vdv 
latter values ues applyi ing onl only when bo and 
238. Putting and r, = radii of effect, or distances from 2 
axis to the centres of effort of all the forces for the extended aud com- = : 
‘eee pressed sections respectively, evidently the moment of the total force ia 
E-  Winto | these ra adii respectively equals the sums of the ‘moments of th 
: -_— _ forces due to the changes” in length of the several fibres o on the corre 
_ ponding sides of the neutral axis into their several distances from | the 
axis Hence multiplying each of the by we have 


the latter -applyi ing as only when by and are respe 
tively constant. The integrals respectively represent the moments of 
— of the extended and wee sections, and lines be distin- — 


2 guished by the symbols Jo and J;. 
[Note referred to in 29.] If any ‘means the resisting unit foi es 
could be made the same es all distances from the axis one value of 0, 

would be constant, making the in second terms: 


a 

q 

v dv. so putting ial to the distances o 

(16.) N= E— v dv, so putting h, h,, ean 

itm 
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439. ‘The effective height Hot a a solid ‘girder is 


4 


ve 
On the that the moduli of elasticity are alike i in ‘tension 
compression, taking value of from (12) and integrating 
bers for the ‘upper and lower sections another form is 


‘section of the and is Substituting the value of 


from (18) i in the last equation we have © a 


(23.) M=E which is the well of ‘the elastic 
: “dine. Fs Integrating once gives the tangent of the angle of curvature due an: 
= _ to the deflection, and a second integration the deflection itself. The — 
_ angie and deflection at any point of a girder may therefore always be de | 
termined when an expression can be found for the moment. 
#41. Equations (15), (21) and (22) show that the resistance offered by 
the extension of each of a series of bars or fibres at different distances 9 
, from the neutral axis is proportioned to its section into the equare of its 
distance | from tl the axis. By di dividing the moment of inertia . die of the 
: "extended section by the area a, of the latter, the quotient represents the | 
square of the distance from the neutral axis at which that area must be © 
ppeootnder to have the same moment of resistance as when sane ; 
: int the actual sec tion. Le at ie distance, called 1 the radius 
represented by. then 
The relations between the for the comp 
- section will be expressed by the same equations with the index , changed ae 
: to ,;- So also when the upper and lower portions of the beam are sym- 
metrical and the moduli of elasticity and rupture in tension and com- 


‘pression equal, by dividing the moment of inertia Tof the whole section — 


by the ¢ofal area A, we have 


q 
a — 
— 
) M=N (ro +7) and adding equations (15) and (19), using value — = 
om (10) we obtain the somewhat more familiar form* 
q 
: — 
q 
a 
| 
a 
4 — 


(28) and (13) we 


= G =GAR?= —,— Which corresponds in form 


symmetrical sec tion are equal, R= 2. Evidently she: ‘unsymmetrical 

beam sections | may be put in the jem of (14), so it appears that the 

moment of resistance of any beam is equal to that of two chords of a 

_ girder having respectively the same areas as the sections of the beam 


and below ne vutral a axis, when the centers of chords are 


) ) 


have above termed the radi us of ‘aid ze ‘te former is the distance from 
the axis at whic ha certain area um uniformly elongated | in all parts ts of ~~ 
34 section will support a given moment— —the latter the acting distance of the 4 


The radii of effect are then to be considered in with 
unequal elongations, but the integral of the forces arising th therefrom 
. being a definite quantity may arbitrarily bep put ‘equal to other quantities ; 
a which are made theneby of equal value. In (27), since A is the area of — 
the total section, FR is the radius of gyration, but it is evident from the | 
corresponding, (15) that A” m may mo may 


a dope (25) and (27) we may have for b constant— 
= 
| 


yr 
of r for the of elasticity i is 
constant, bat it has an bearing i in 1 the more general 


a may 0 obtain from (8) by equating the two valuesof Me q 


(BL) ag By Ro P,; =a, E, R, Po which shows that the distances R, 
and R, and consequently the elongation of the chords which are pro- 
portional thereto, vary directly as the lengths elongated, and inversely & 
as the areas and moduli of the chords. The lengths P, and P, ‘elon- - 4 


— 

— q 

x 

| 

; 

44, ‘That isthe centre of effort of the forces due to unequal 

i= 

— 

wae 

| 


— 


— 


will be equal. In such cases which include where 
flexure takes at every section we may have. 
divides 
effective height H into distances Ry ona R 1 inversely p rtional to the ee 


"when the areas of the chords are anal the distances R, and R, are in- 


tie 


46. From rom (14) with of G from we hav 


R,. Making the values of c, equal those of 


and the values of JF equal 7, 7’, the moduli of rupture of the material in 


t 
id 
- That is the areas of a chords of a girder should be proportioned to = 
. the ultimate strengths or moduli of rupture of the material in tension and | 
‘’ compression, which is evidently true (though not always practicable ae 
of crippling), and explains © the efficiency of the Hodgkinson — 
beam ii in connection with principles prev iously adv erted to, 4 


be noticed however ues this expression takes no account of the deflection 


B. 
i oF FoRMULA FOR TRANSVERSE STRAINS ON THE BASIS THAT 


— THE RELATIONS OF — STRAINS TO THE ELONGATIONS VARY ACCORD- | 


ING TO EXPERIMENT, INSTEAD OF IN PROPORTION TO THE ELONGATIONS. 


2 47 Representing the abscissz of the curves as plotted b by 2, the 
“ordinates by the value of the latter may be expressed. 
om (35.) y= @ (x). Substituting x in place of ¢ v in (17) and 18), the value 
of the function of « may be used instead of one factor, x. The integral of 
_ (17) will then give the area of the plotted curve, between the limits as- 
- signed, and of (18) the moments of i its ordinate °S, , Which may also be ob- 
“tained graphically when nec cessary or more convenient. The values of 
Saas integrals must then be modified to represent the relations in terms 
of the actual values of the elongations and strains. © Putting Y= actual 
strain where the corresponding ordinate of curve = y, and s= the maxi- _ 
mum value of « considered, the special values due to the scale of ae 
plotted curve may be eliminated by dividing the integral by a special 
- value of y, which is involved once, ‘and by the value of 8, repeated as many ca 
as « is involved after integration. hen the values are 
‘eliminated, to the the section, 
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section based on 


The equa 
(17) ‘and ( are then— 
by ho 


48, specifically mentioned will hereafter refer to the max- 

imum tensile ordinate, when and 2 to the compression ordinate, 
when eo=8, but ; which w will not be the maximum ordinate in case the — 
neutral axis aie. 2 the strains in the ——— section ard consid- 4 


fax? 

a ee 449. The final results in this case are the same of course as would b 
, . obtained by using equations (17) and (19) direct. Putting the numerical 


“Put talso Yo ana 


mo bo ho my by hy , hence 


as. which ‘permits the neutral axis to shift 
a by modifying the value of Y, in proportion to the decrease"of h, in 
_telation to thence 


1ating 


= &@ 


g jt jt) 


: 

g to the extende< 
4 
il 

q tically true within the limits required, and the tangent of the angle at the 

origin be put equal to g, then y=ga 

— 

— 
— 


a5 52. Wh hen the neutral axis is central, the breadth uniform and the eh 


strain referred to the outer we may have from ( (21), and in in snother 


\> 
M which, scoring to the 


but which, as has been ‘bind, always gives in respect to 


materials mentioned, results much in excess of those obtained by direct re 

_ application oflongitudinal strain, 

$53. Equation (51) w as first applied to one of the curves numbered 8, 

which being taken from a tortion machine, it was thought would from 

— inereased elongations show a maximum shifting of the neutral axis. An 

equation in the form y = ax* — bx? was found for positive fractional values f _ 
of to give the portion within the limits desired, and = 


q bine in w with views on 1 the cubject. On this 
found equal to 4.316 M—bD”, or insufficient to account for 


mn 254. ~The upper pees of curve 3 was found to be represented approx 
122.62 


byt equation — 28, — - which gives the curve 
a * shown by the dotted line. A portion of the tensile and a larger portion © 


of the compression curve is ‘Tepresented | closely by the inclined straight — 


“Tine shown, the equation of w hich i is y= 3.482. This line being 


to the tensile curve where—— 2 and «=2.387. ‘The are 


» 255. Curve 7, which, as stated previo iously, was obtained from expec 


ments on direct. tension, was found to : agree closely with the equation a 

cy 36.75 — and on the basis that the line representing the co: 


was to 4, 061 “Ms bD*, in w the. co- efficient is ‘con- 
"siderably too large to account for the discrepancy, us 
56. No calculations have been made in respect to curves 5 6. 
fim are presented as part of the ev idence on the subject, but not a, agree- nes e 
ing with the other curves in the a angle of | the compressive branch com- 
4 ee with the tensile, are reserv ed for further i inv estigation. ae 


4 
¥ 
4 
q 
= 
7 
4 : 
= 
— 
4 bor as 
a 
— 
| 
4 — 
| 
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y = 1.5305 very satisfactorily the tensile branch 
} q . of curve 1, showing the results of Mr. Hodgkinson’s experiments with | 
— Low Moor Iron No. 2, and an equation of this form can always be ap- 


2S "plied to such portions of ‘of any curve as are most important (see 324). ‘The - 


function in this form is convenient and useful, from the fact that asimple . 
solution may be obtained before substituting in any special values. i ean 
.. 4a 58. From an inspection of (18) and (37) and explanations in 423 


‘it is evident: that of -Tesistance of all the fibres in one 


Janel to, entirely independent of whet the other section may be. ie, 
which put equal m’, aquating a certain moment, independent of the 4 
value of the total ‘moment, M=N (ro + Ti). . Substituting the value 
— ax = 


cis, 


(57) Yo whieh pr rtion and (56 


Y,= 


vhen s takes its 2 (47), represent the 
the depth of the tensile section considered, and w e baad have ae 


4 

4 
> 
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ae 

im 

tm 
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— cexfrom the 
— have 
may 

_ 260. If v of _s_ considered. it will, 
ant 
lt 
the neutral axis (4 constant) the strain or unit force Y 1s proportioned 
tothe moment. For Y constant (60) is the equation of the isodynamic 
a a curve, and shows that k, or the proportional distance from the neutral — = 
ig - axis in terms of the height, varies inversely as the nth root of the mo- 
ment—all the terms in the equation being constant except m’, The 
isodynamic curves are discussed in connection with illustrations inZ25 


